This note establishes a connection between Solomon's descent algebras and the theory of hyperplane arrangements. It is shown that card-shu ing measures on Coxeter groups, originally de ned in terms of descent algebras, have an elegant combinatorial description in terms of random walk on the chambers of hyperplane arrangements. As a corollary, a positivity conjecture of Fulman is proved.
Introduction and Background
Using ideas from work of Bayer and Diaconis 1], Bergeron and Bergeron 2] , and particularly Bergeron, Bergeron, Howlett, Taylor 3], a general de nition of card-shu ing measures M W;x on Coxeter groups was given by Fulman 10] . Here W is a nite Coxeter group, x 6 = 0 is a real number, and M W;x satis es the measure property P w2W M W;x = 1. In general these measures are signed, i.e. it is possible that M W;x (w) < 0 for some element w.
As the precise de nition of M W;x will be recalled in Section 2, here we simply comment on some of the more remarkable properties of these measures. One such property, which follows from the de nition in terms of descent algebras, is the following convolution equation The other circle of ideas relevant to this note concerns random walk on the chambers of a real hyperplane arrangement. Bidigare, Hanlon, and Rockmore 6] describe how putting weights summing to one on the faces of a hyperplane arrangement induces a random walk on the chambers of a hyperplane arrangement. This procedure will be described in Section 2. Interesting applications of the Bidigare-Hanlon-Rockmore walks in computer science and biology have been found by Brown and 
Main Results
To begin it is necessary to recall the de nition of M W;x in terms of Solomon's descent algebra. Proposition 1 (Humphreys 12 ]) The chambers of A correspond to the elements of W. Furthermore W acts transitively on these chambers. The faces of A correspond to left cosets wW J of parabolic subgroups of W, ordered by reverse inclusion. The faces of A adjacent to the identity chamber correspond to parabolic subgroups W J of W, ordered by reverse inclusion.
The next lemma will be of use and is an indication of a connection between the theory of hyperplane arrangements and Solomon's descent algebra.
Lemma 1 Let C 0 be the chamber of A corresponding to the identity. Choose the face F 1 with probability of F equal to v(F). Then the chance that the chamber C 1 corrseponds to w is equal to
Proof: The chance that C 1 corresponds to w is equal to P F v(F), where the sum is over all faces F which are adjacent to w and such that w is the chamber adjacent to F which is closest to the identity. The faces adjacent to w are the cosets wW K , for K an arbitrary subset of . The chambers adjacent to the face wW K are the elements of the coset wW K . Proposition 1.10 of Humphreys shows that w is the unique shortest element in the coset wW K precisely when K ? Des(w). This proves the lemma. 2
To With these preliminaries in hand, the main theorem of this note can be stated.
Theorem 1 Let W be a nite irreducible Coxeter group of rank n. Let x 6 = 0 be a real number. Let A be the hyperplane arrangement consisting of all root hyperplanes of W. Assign weights to the faces of A by the formula
Let C 0 be the identity chamber of W. Then M W;x (w) is equal to the chance that the chamber C 1 arising from the Bidigare-Hanlon-Rockmore walk corresponds to the element w. Thus the theorem will follow when we prove the equality
To do this we will derive an expression for J K in terms of the lattice L(A). where Ind stands for induced character.
Note that W has a natural action on the lattice L(A). For R; T , let u RT be the the number of elements in this lattice which are in the W-orbit of Fix(W R ) and which are greater than Fix(W T ) in the inclusion relation of the lattice. 
Comparing this with the previous expression for (u KJ ) ?1 shows that
Thus, returning to the quantity of interest, 
as desired. 2
Remarks:
1. Since M W;x is a signed measure, summing the weights of Theorem 1 over all the faces must give one. This can be checked directly. Namely, the sum of weights is equal to
The second equality holds by Lemma Remark: The measures M W;x where W is crystallographic and x is a bad prime give a natural (and apparently rst) collection of examples where some of the face weights in the BidigareHanlon-Rockmore process are negative. However, Fulman 10] shows that the eigenvalues of the corresponding transition matrix are 1 x i with various multiplicities. In particular, the eigenvalues are all positive.
